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First-Class Constraints and Gauge?

» Take Poisson brackets among all constraints.

» For Maxwell, Yang-Mills, GR, all PB are 0 identically or using
the constraints: “first-class.”

» What exactly do first-class constraints (FCC) have to do with
gauge freedom?

» Original, recently recovering view: tuned sum of FC
constraints generates gauge transformations, the same ones as
in £ (Rosenfeld, 1930; Anderson and Bergmann, 1951;
Mukunda, 1980; Castellani, 1982; Shepley et al., 2000).

> Vs. Widespread Belief: each FC constraint by itself generates
a gauge transformation (Dirac, 1964; Govaerts, 1991;
Henneaux and Teitelboim, 1992; Rothe and Rothe, 2010).
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No Change vs. Common Sense and G** = 8xTH”

» (1) The world—it's changing, falsifying Hamiltonian GR?

» (2) Einstein's equations—most solutions have change
(time dependence in all coordinate systems).

» Those that don’t change are “stationary”: they have a
“time-like Killing vector field,” which tells how to define time
such that the space-time metric is independent of it.

» Time-like Killing vector field £* is gauge-invariant form of
09 /0t = 0.
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Testing Widespread Belief for Maxwell

» For Maxwell, Yang-Mills, and GR, Dirac’s argument fails
(Pons, 2005; Pitts, 2014b; Pitts, 2014a).

» Pons: Dirac stops too soon. At 2nd infinitesimal order,
secondary constraints appear to help the primaries generate a
gauge transformation, hence gauge generator G (Pons, 2005).

» Trouble at 1st order if one doesn't cancel by subtracting two
trajectories (Pitts, 2014b).

» Primary:
0Au(t, x) = {Au(t,x), [ dPyp°(t, y)&(t,y)} = €, ).

> Fl[A+0A]—F,, [Al = 0,0A,-0,0A, = 8M§68—8V§52 # 0.

Bis invariant, but E isn't! Gauss's law is spoiled.

A first-class primary constraint generates a gauge

transformation violation of Gauss's law.

vy
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What Does a Secondary First-Class Constraint Generate?

» Secondary:

SAu(t,x) = {Au(t, ), [ dyp'si (t,y)e(t,y)} = =6} gore(t, ).
0F = Ou(—0%2:€) — Oy (=6, 525€) = 61,0, 0;€ — 6L0,0;€.

5 Fyy = —0E = 6,0,0;€ — 6,900 = —0,0p¢ # 0.

Gauss's law is spoiled again.

Not a gauge transformation (Pitts, 2014b).

v

Vs. Dirac's conjecture.

Making a right out of two wrongs: 6E(¢), 0E(e) can be
cancelled out by setting £ = —¢.

» Team is gauge generator G = [ d3y[—p°(y)é + p'i e(y)]
(Anderson and Bergmann, 1951; Castellani, 1982).

vV v v v Y
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Hamiltonian-Lagrangian Equivalence Sought and Found

» So GR H is a sum of things that change the world, not
redescribe it.

» Thus no reason to doubt change.

» Long series of works including ((Pons and Shepley, 1995; Pons
et al., 1997; Pons and Shepley, 1998; Shepley et al., 2000;
Pons and Salisbury, 2005; Pons et al., 2010)).

» “We have been guided by the principle that the Lagrangian
and Hamiltonian formalisms should be equivalent. .. in coming
to the conclusion that they in fact are.” (Pons and Shepley,
1998, p. 17)

» |If observables inconvenient (Yang-Mills) or controversial (GR),
test for preserving Hamilton's equations by (quasi-) invariance
of canonical action Sy = [ d*z(pg — H).
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First-Class Constraints and the Hamiltonian Action

>
>
>
>

Changing S by only BT if, only if a gauge transformation.

Canonical Ly equivalent to £; p are auxiliary fields. No p°.

Ly =p'A; —H, = pid; — %pﬂ —p'Ag.; —iFf] (Maxwell)

PB of smeared primary FC constraint with Ly

U #p0:0). (0 A — e} = €' div: nt goue

» PB of secondary {[dt [ dBye(t,y)p'i, [ dx[p!(x)A; — H]}
= [dtd3z — p',; (z)é(t, ) # BT: not gauge!

» Keeping E invariant, S (quasi-)invariant, agree and give G.

» Adding primary & secondary with related coefficients gives
team, the gauge generator G = [ d®z(—p°¢ + e(x)p,; ).

» (G changes Si by BT only, a gauge transformation.
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(Homogeneous) GR Action vs. First-Class Constraints

» Ly =pq—H :pN+7Tijilij - H, = Wijiz,-j — N'Hp.

» What does primary FCC do to Ly via Poisson bracket?

{&p, ™ hi; — NHo} = {&p, —N'Ho} = EHy # div: not gauge!
Secondary FCC, the “Hamiltonian constraint” Hy, supposedly
generates time evolution and gauge transformations.

In fact ‘H, generates neither: H,, = N'Hg + Np does former,
G does latter, but Hy is the star player on both teams.

To avoid N, use e~ (= N¢¥ = —¢#n,) as primitive (0 PB).
{e(tyHo, 7 hij — N'Ho} = {eHo, wiﬂ'h,-j} —0=
{eHp, J}hw + {eHo, ,]}77 = eHy — (ew” OHqg

v

v

v

v

) =% div!
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Star Players in Two Team Sports: Bo Jackson, Hj and H;

> “He is the only athlete to be named an All-Star in two major
American sports.” (Wikipedia, 2015)

» But was not alone a football or baseball team.

» Ho and H; are analogous.

Figure: Bo Jackson (Kingdom Magazine, nd); Ho and H; not pictured.
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Change of Time Coordinate in Repaired Hamiltonian GR

» Unclarity where time coordinate transformations went in
Hamiltonian GR (Kucha¥, 1986; Belot and Earman, 2001),
due to Dirac (Dirac, 1958).

» But it is there (on-shell) if done rightly using G (Fradkin and
Vilkovisky, 1977; Castellani, 1982; Shepley et al., 2000; Pitts,
2014a).

» Tune coefficients of primary and secondary FCC to get G.
» (& changes pg — H by % (e [Ho - Wijg?i‘;}) = div: gauge!

» Make Hamiltonian change in GR match ordinary change.

» No essential difficulty expected with full GR with matter.
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Testing Widespread Belief in Vacuum GR: FC Primaries

» Lagrangian constraints are time-space and time-time
Einstein's equations, Gauss-Codazzi relations embedding space
into space-time: D'K;; — D, K =0, KYK;; — KZ’KJJ - R.

> Kij = o (957 — Di3j — D;By).

» To get H find primaries py =4 %ﬁo =0 and

T =df 35; = 0.

> If FC primaries generate gauge, they will preserve embedding

of space into space-time.

> po varies only N p; varies only shift 5°.
» They spoil Lagrangian constraints.

» Phase space constraints Hy = 0 and H; = 0 still hold,
because mere auxiliary field 7/ hasn’t changed but K;j has!
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> Vary Nt { [ d®ye(y)p(y), Di( K} — 0;K)(2)} =
Di[(Ki— 61K )eN Y (x) # 0.

> {[ Pyely)p(y), KVEK; — K[K] — R()} =
2e(az)N—1(K”KZ-j — K?)#0.

> p spoils all 4 of the constraints in Einstein's equations.

> Vary . { [ d*ye (y)pi(y), Di(K] — 6))(2)} =
Di(ﬁD]’GZ) + Dl(ﬁDiEj) — D ( 1D ; € ) 75 0

> {[ dye (y)miy), KVKyj — K* = R(x)} =
(Dje)Z(K! — 6] K)(x) # 0.

» p; spoils Lagrangian constraints also.

» Analogs of electromagnetism result (Pitts, 2014b).

» A primary first-class constraint generates—agauge
transformation ruins the embedding of space into space-time.
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Historical Interlude

» Long was easy to neglect 4 — d coordinate transformations
because 1958 3 + 1 trivialization of primaries (Anderson,
1958; Dirac, 1958) rendered obsolete the original G
(Anderson and Bergmann, 1951).

» Dirac discouraged 4 — d symmetry:
drops primaries and even N, 3! (Dirac, 1958).

» Gauge-fixing N = 1, 3° (coordinate conditions) also played a
role (Pons et al., 2009).

» 3+ 1 G finally appeared in 1982 (Castellani, 1982).

» Ongoing process of rethinking what took root during 1958-82.
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What Do FC Secondaries ‘H; and H, Generate?

> {hij(@), [ Py (y)Hi(y)} = Lehij(),
{7, [ d3yei(y)Hi(y)} = Lem': coordinate transformation?
» But only of 3 — metric and only on one slice.
> {5(a). | Py (n)Pala)} = 0. (N (a), [ e (1))} = .
> {hij(x), [ dPye-(y)Ho(y)} = (27713 th)/f =
(on- sheII) 07 0% £ (c1 na)guy(az).
» But {N(x fd3ye (y)Ho(y)} =0 and
{8 (= fd3ye (y)Ho(y)} = 0: no coordinate transformation,
no gauge transformation.
> 5Kw from 5913 due to H;: 5K,] =
Q}V 8t‘£ng [( Egl]) 118 +( Egil)Dj/gl +/8mDm£Egij]-
» Equivalent to 5K,] = 5§ gtfﬁgw N[gljﬂmi’ﬁl“ﬁm +
g £+ (DiffY) £egij + (DY) £egui).
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FC Secondaries Generate Bad Physical Changes in GR

» Ho and H; do not generate gauge transformations, but spoil
Lagrangian constraints, % of Einstein’s equations, the
Gauss-Codazzi relations embedding space into space-time.

(5Kij = £5Kij (good) —HYKU (bad)

SDi(Ki—6iK) = £.D;i(Ki—0'K)+Di(h"'§K;;— 0t h™§ K op).
Oth order: g, = diag(—1,1,1,1), N =1, " =0, g;; = d;j,
s0 6D;(Ki — 01 K) = £.0 4 9;(6"§Ky; — 616%°F K op,).

FE iy = 5(€ij +éj0i)-

Variation in ¢ — ¢ momentum constraint is

%(8,-8,-@- — 0;0;é; # 0), bad physical change, spoiling 40% of
Einstein's equations.

v

v

v

v

v
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» Remaining PB between secondaries and Lagrangian
constraints: { [ d*ye(y)Ho(y), Di(K! — 0. K)(x)}
(completed), { [ d3ye*(y)Hi(y), Ki; K9 — K* — R(x)}
(completed, cross-checked, given below), and
{[ d®yeHo(y), Kij K — K? — R(z)} (completed).

» One can now find {G[e*, ¢ ] KiK' — K? — R(z)},

el el L_GLK
{G[elaél]aKinm _K2 R( )}'

» {G[e*, é¥), K;j K — K? — R(x)}: completed, gives spatial £¢.
> ([ PyeHp(y), KiK' K2R} = — £(K™K,, — K* - R)
;7[{” ?\}l”K‘ff?éhi]’ — 27[{2]1{]@_[{2 ‘;55]\7'— 27[{”'7\?2][{‘}535171'5]' +

2 (K'Y — WIK)(D;f") £chj + (K} — K&))pm £,
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Gauge Generator G from Tuned Sum in GR

» Poisson bracket of tuned smeared sum of H;, p; and p.
> G[eF, éF] fd3 () Hy + (L85 + ) pr + Nop Fp)
(Castellanl, 1982; Pons et al., 2000).
> {G[e", é¥), K;j K — K? — R(x)} is somewhat long.
Highlights:
variation of hiy, in K,
£el, .
cancellation of é terms from different constraints,
cancellation of all the many terms (D3)(Dé) terms,
cancellation of symmetric parts of 3D?¢ and of eD?J3,
cancellation of resulting spatial Riemann terms.

» One gets a Lie derivative as expected
{G[*, ], KiK' = K* = R(z)} = — £(Ki; KV = K? ~ R()).
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But Is There Change in “Observables”?

» “There are indications that the Hamiltonian of the general
theory of relativity may vanish and that all the observables are
constants of the motion.” (Bergmann and Goldberg, 1955)

» “No genuine physical magnitude countenanced in GTR
changes over time." (Earman, 2002)

» A problem of space also: spatially constant from {O, H;} =0
(Torre, 1993).

» Most common definition (though Bergmann said other things
too): {O, FC} = 0 for all FC constraints (Bergmann, 1956;
Bergmann, 1961; Earman, 2002).

» Can infer from Widespread Belief.
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» Observables constant over time because 0 PB with (alleged)
generator of time evolution Hy: problem of time (Earman,
2002).

» That's crazy (Maudlin, 2002). Yes, but what went wrong?

» “Observables” seems to be a technical term, nonlocal and
marginally related to observation (Kiefer, 2012; Tambornino,
2012)!

» But inventor Bergmann intended otherwise. “General
relativity was conceived as a local theory, with locally well
defined physical characteristics.. . . We shall call such
quantities observables.. .. We shall call observables physical
quantities that are free from the ephemeral aspects of choice
of coordinate system and contain information relating
exclusively to the physical situation itself. Any observation
that we can make by means of physical instruments results in
the determination of observables;” (Bergmann, 1962, p. 250).
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Hamiltonian Observables Repaired

» Break down usual definition of observables as supposedly
gauge-invariant by virtue of having 0 Poisson bracket with
each first-class constraint (Bergmann, 1956; Bergmann, 1961;
Earman, 2002).

» Key features of usual definition: invariant (0), each.

» First Problem: usual definition depends on Widespread Belief.

» E is not “observable” in that sense (Pitts, 2014b).

» Replace “each first-class constraint” with gauge generator G.
Amended: observables are gauge-invariant, having 0 Poisson
bracket with each-first-class—constraint the gauge generator
G[£?] (V&) (Pons et al., 2010).

» Now electric and magnetic fields are observable.
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Internal vs. External Gauge Symmetries

» Invariance (0 PB) because electromagnetic gauge choice is
operationally ineffable. Voltmeter in Coulomb gauge vs....?

» Electromagnetic observables invariant, like propositions in
Plato’s heaven, unlike sentences in a language (translatable).

» But | cross the Prime Meridian on the way to work.

» In GR G acting on a quantity ¢ gives Lie derivative £¢¢,
directional derivative of ¢. (Castellani, 1982).

> £§g/u/ = é‘ag/u/aa +gua€aau +gau€aau .

» Transport term £%g,,,, differentiates g,,: “external.”

» Maxwell, Yang-Mills have no QA term in transformation rule
for A, hence “internal” gauge symmetry.

» But Bergmann and Dirac made no such distinction for
observables (Bergmann, 1956; Bergmann, 1961; Dirac, 1964).
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External Covariance vs. Internal Invariance for Observables

» Crossing the Prime Meridian on the way to work.

» But | never find myself crossing Ag = 0 surface.
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A Classical Tour of the Lie Derivative

> Transport term £%g,,,o arises from comparing different
space-time points with same coordinate values in different
coordinate systems (Bergmann, 1949; Schouten, 1954).

» 1 a.m. British Summer Time vs. 1 a.m. GMT an hour later.

» Mathematically convenient but physically weird
fixed coordinate variation 64 = A’(x;p') — A(x; p).

» C.f. physically reasonable but mathematically inconvenient
fixed point variation 64 = A'(2;p) — A(z;p).

> “the commutativity of the operations of [fixed coordinate]
d-variation and partial differentiation. . . is the basic reason for
our preoccupation with -variation processes.” (Bergmann,
1957, p. 16)

» Difference is transport term.
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., -A -
Figure: Fixed Coordinate Variation: British Summer Time (up) vs. GMT
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Observables Don't Need 0 PB for External Symmetry

» Mathematical convenience takes precedence over physical
meaning in deriving the Lie derivative.

» For physically individuated point p (Einstein's
point-coincidence argument, relationalism), scalar at p is
gauge-invariant (Hoefer, 1996; Maudlin, 2002).

» But G changes coordinates and compares different places.

» For scalar field, only second task. Ricci scalar R(p):

{G, R} =(on-shell) —£¢R = —¢(“R,, .

» |If observables need 0 PB with G[£?] (V£%), gauge-invariant
R(p) is observable only if spatio-temporally constant.

» “Every quantity in a cosmological theory that is formally an
observable should in fact be measurable by some observer
inside the universe’ (Smolin, 2001).
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Observables Should Vary Locally

> “General relativity was conceived as a local theory, with
locally well defined physical characteristics. We shall call such
quantities observables. (Bergmann, 1962, p. 250).

» Constancy of observables is not an insight, but a reductio of a
bad definition.

» Wrong requirement of 0 Poisson bracket with G as applied to
external symmetries.

» O with {O, time gauge generator} £ 0 like unicorns
(Kuchat, 1993).

» But Kucha¥ doesn’t apply his argument to space, for which it
is equally persuasive.
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Observables as 4-d Tensor Calculus All Over Again

» Need Hamiltonian analog of O's being a 4-d geometric object:
components in coordinate systems with transformation law,
hence {G,0} = —£¢0 (on-shell).

» For vectors, tensors, etc. 9, {H4,,, is no vector, tensor, etc.

> Lie derivative involves correction terms &%, +9av€%,.
from tensor transformation law, fixed point §-variation.

» Observables as classical vectors, tensors, etc.: covariant
(having a transformation rule, translatable), not invariant.

» Related claim from Brunetti, Fredenhagen and Rejzner: “The
way out is to replace the requirement of invariance by
covariance.” (Brunetti et al., 2015, p. 3)

» Invariance applies, if at all, only to non-numerical
tensor-in-itself g = g, dz* ® dz¥, up to transport term.
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All Coordinates Are Intrinsic If Any Are

» Scalars from Weyl tensor CO‘W as intrinsic coordinates
(Komar, 1955; Geheniau and Debever, 1956; Bergmann and
Komar, 1960; Pons and Salisbury, 2005).

» “[T]he observables obtained may alternatively be viewed as
the metric tensor in a special ‘gauge’ (i.e., with a special
coordinate condition).” (Komar, 1958)

> “Let A’ be the four functionally independent curvature scalars
(i.e., four specific and distinguishable scalar functions
constructed from the metric tensor and its derivatives). To
emphasize that these four functions uniquely and intrinsically
identify world points, let us go to the new coordinate system
determined by the A”:

= Al(z) (2.1)
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“If we inquire into what the metric tensor looks like in this new
coordinate system we find the usual expression:

B OA" QA
= 9z 9z
However, we now note that since A’ is a scalar, the E?Ai/aa:m is a
covariant vector and therefore g%/ is component by component a
well defined scalar constructed from the metric tensor and its
derivatives.” (Komar, 1958)

» Weyl scalars are ~ C?%(g, 0g,0%g), ~ C?, ~ O3, ~ C3, so

admit arbitrary functions of them as intrinsic.

72]

mn, (2.2)

» Any coordinate system is intrinsic if one is.

» Transformation rule is needed from one set to another.
» All coordinate systems are preferred, so none is.

» Hence ¢g"¥ is observable: 4 — d tensor calculus.
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» Arriving more easily at an attractive result:

» “Indeed, once we have proven that observables can be built
for any observer, we can gladly dispose of this [active]
construction [involving exponentiating Poisson brackets, with
relations to Dittrich and Rovelli] and just take the passive
view of diffeomorphism invariance. We simply instruct each
observer, having constructed his or her phase space solutions,
to transform them to the intrinsic coordinate system! ... Thus
here is the guiding principle: let everyone adopt the same
instrinsic coordinates. Once this instruction is implemented all
geometric onjects becomes observable!” (Pons et al., 2010)

» By never introducing unphysical primitive point individuation,
one doesn't have to overcome it.
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Observables and Point Individuation: R(p)?

“...general relativity does not. . .identify the history of a physical
universe with a manifold on which are defined a metric and
perhaps other fields. The correct statement is that the history of a
universe is defined by an equivalence class of manifolds and metrics
under arbitrary diffeomorphisms>.

This is a key point, the significance of it is still often overlooked, in
spite of the fact that it is far from new®.... A point is not a
diffeomorphism invariant entity, for diffeomorphisms move the
points around. There are hence no observables of the form of the
value of some field at a given point of a manifold, z.

[footnote 4:] “The original argument for the identification of the
physical spacetime with a diffeomorphism equivalence class of
metrics is due to Einstein and is called the hole argument.”
(Smolin, 2001)
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» But Einstein refuted hole argument with point-coincidence
argument: points are physically individuated by what happens
there (Hoefer, 1996; Maudlin, 2002).

» Hamiltonian GR was born in classical differential geometry.

» Classical differential geometry is naturally adapted to
point-coincidence argument: Leibniz-friendly because contents
(field values) are never separated from points.

» After Einstein 1915, “[f]or the next sixty five years, the Hole
Argument was seen as a historical curiosity, little more than a
misstep on the way to general relativity.. .. The basic thesis of
the present note is that Einstein and the generations of
physicists and mathematicians after him were right to reject
the Hole Argument. (Weatherall, 2014)

» Modern geometry primitively (unphysically) individuates
points, makes them separable from contents (active
diffeomorphisms) like Samuel Clarke—at least mathematically.
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» Taking physical equivalence classes is a belated effort to have
Leibnizian physics with Clarkean absolutist mathematics.

» 1980s hole argument revival due to primitive individuation.

Self-generated puzzle (Weatherall, 2014)?

> “...worry...that the diffeomorphism associated with the Hole
Argument is meant to be a so-called ‘active’ diffeomorphism,
whereas | am interpreting it as a ‘passive’ diffeomorphism.2!
This, | claim, is the only way in which 1[1 can be
interpreted—and, for that matter, how qg in the previous
section should be interpreted as well.” (Weatherall, 2014)

» For observations, use physically (not mathematically)
individuated points p, needing 5 scalars to observe 1 scalar
because 4 pick out p (Rovelli, 2002; Rovelli, 2006).

» Worry that e.g., R(p) isn't observable (Smolin, 2001; Earman,
2002) resolved by Einstein's point-coincidence argument:
being p is bound up with what happens there.

v
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Invariance of Observables [ d*z\/=g and [ d*z\/=gR(g)?

... the spacetime volume is an observable for compact
universes. So is the average over the spacetime, of any
scalar function of the physical fields. .. [w]here the
average is taken using the volume element defined by the
spacetime metric. (Smolin, 2001)

Hamiltonian constraint observables. These are
observables which are constructed according to the rules
of the hamiltonian formulation for systems with time
reparameterization invariance. They must do at least one
of the following things, i) have vanishing Poisson bracket
with the classical hamiltonian constraint, ii) [reduced
phase space. . . ], iii) commute with the quantum
hamiltonian constraint. (Smolin, 2001)
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» Drop all spatial dependence (toy theory), shift disappears.

> {&p,v=g} = {ép, NVR} = —&Vh # div.
> {¢Ho, NVh} = eNw/2 = (on-shell) —eNVhK # div.
> [dt{&p + €Ho, NVh} = (on-shell) —&vh — eV/hh¥ hy;
# BT : 4-volume integral is not invariant under separate FCC.
> So set £ = ¢ and get [dt{G, NVh} = — [dt(ev'h),o:
4-volume integral fd4a; —g invariant if ¢ — 0 at time ends.
» R=+v—gR(9) = NVh(PR + K;; K"l — K*)+
2(y/—gntV,n" — \/—gn*V,n#),, (Wald, 1984, p. 464)
= NVh(K; ;K9 — K%) -2 (%) (toy theory).

50
» Remove velocities via Hamilton's equations:

O(NH O(NH
Ru =4 N'Ho+ (8hab0) hap — (é)wabo) 7o,

» {{p, Ry} = —%RH # divergence: not gauge.
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> First-class secondary Ho: {e*Hg, Ry} = —€* (RTH>
on-shell # divergence: not gauge. ?

» {G,Ru} ={c"Ho +ép, Ry}t = —(NEORy/N),o=
—£¢(v/—gR) on-shell.

» [d*z/—gR(g) invariant under G but not each FC constraint.

» G does the job correctly—on-shell. Off-shell
{G, Ry} =" [ilab - 6‘251;} [mi?gﬁcd hea — 6,?;2‘;;“#6@ +
et [#ab + gh—i} [67?12”7;}3Cd hea + 67?;?2“ WCd} - [Gl 7§V_H}

» “You can't always get what you want, but if you try
sometimes, you just might find—you get what you need!”

» Using G.

0

B T O ———_—
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Loosened Definition of Observables

» Vectors, tensors, etc. translatable via tensor transformation
rule, hence likewise observable in sense of covariance.

» Change found by £¢ is real B-series change: different
properties at different times (c.f. (Earman, 2002)).

» The new year starts in New York when the ball hits the
bottom: temporal conventions also expressible.

» Invariance under internal transformation: {O, G+} = 0, and

» Covariance (translation rule) under external,
{O0,Gezt} = —£:0+# 0.

» Early work pointed implicitly in that direction (Anderson and
Bergmann, 1951).

» Meets Bergmann's demand of H-L equivalence (Bergmann
and Komar, 1962; Bergmann, 1961; Bergmann, 1962).
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» Novel Lagrangian-inequivalent postulates started to appear in
Bergmann & Schiller (Bergmann and Schiller, 1953, section
4).

» Observers don't change powers as theorists choose formalisms,
so Hamiltonian-Lagrangian equivalence is obligatory.

» Observables as determined by local observations (Bergmann,
1962, p. 250) (c.f. (Torre, 1993; Earman, 2002)).

» Typical definition (each, 0) violates both locality and H-L
equivalence.

» {O,G} = —£¢0 (on-shell) where O has special Lie derivative

with group property possessed by geometric objects
(Bergmann, 1949).
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Four Definitions of Observables
(*construed with physical, not primitive, point individuation)

=

Proponent Generator | PB Effect | £ | g, Vary H-L equiv
Dirac, Each 0 No | No No No
Bergmann FCC
‘lemma’
Pons Salisbury Team 0 Yes | * | E-mag Yes | E-mag Yes
Sundermeyer G GR * GR *
Kucha¥ Each 0 E-mag | No | No | E-mag Yes No
FCC 0H; GR time
but H Ho? not space
JBP Team 0 E-mag | Yes | Yes Yes Yes
G £L¢ GR

J. Brian Pitts Faculty of Philosophy, University of Cambridge :

Changing Observables in Canonical General Relativity from Hamiltonian-Lagrangian Equivalence



Einstein-Maxwell Observables and Legendre-Projectability

» Observables with external and internal gauge groups tricky?

» Remove velocities by mixing internal gauge transformation
with external coordinate transformation—especially time
(Pons et al., 2000).

» GRr[¢] generates pure Maxwell gauge transformation:
{GRK]; Au} = auf-

» Gy [7]] generates spatial coordinate change + certain Maxwell
gauge change: {Gv[7], A} = —n“Fou # — £, A4, 1% = 0.

> G'5[¢°] generates time coordinate change + Maxwell gauge
change on-shell: {G[¢%], A,} = —(C"n®)Foy # —£c0,A,.

» Effects on Fi,,: {GR[¢], Fap}t = 0a{GR[{], Ay} —pp = a=0.
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v

(G [, Fa} = (Gl 4} — > 0 = — L Py

{GSKOL Foéu} = aOé{GSKO]ﬂ AM} —Heo o= _£(0nFau'

» If observables need {G,O} = 0 for all gauge generators, then
F,,, is observable in Maxwell’s theory but unobservable in
Einstein-Maxwell.

» My definition (internally invariant, externally covariant) makes
F,,,, observable in Einstein-Maxwell.

> g, (p), R(p), etc. also observable: Lie derivative (on-shell).

> Mixing internal with external for projectability affects A, but
not £, .

» Supergravity—can it fit internal vs. external dichotomy?

» Real issue is ineffable vs. effable, implying invariance vs.

v

covariance.

» E.g., field GR's change of background metric (Grishchuk
et al., 1984) is ineffable, so observables invariant under
(externall) dnu, = £enpw, 69, = 0, matter ou = 0.
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Reduced Phase Space Space-time

» GR on reduced phase space has been sought (Belot and
Earman, 2001) and criticized (Thébault, 2012).

» Phase space is too small for many-fingered time and
velocity-dependent gauge transformations.
Use phase space-time (Marmo et al., 1983; Sugano et al.,
1986; Sugano et al., 1985; Lusanna, 1990; Rovelli, 1991).

» Hamiltonian change of time coordinate is only on-shell
(Fradkin and Vilkovisky, 1977; Castellani, 1982; Pons et al.,
2000; Pitts, 2014a), so usual notion of full reduction fails.

» Vacuum: 10 ¢'s and 10 p’s at each point + 1 time, 8 FC
constraints, 2000 + 1 dimensional phase space-time.

» Degree of freedom count: (20003 — 2 - 800%)/2 = 2003.

» C.fdropping N, 3% primaries: (1200% — 2 - 400%)/2 = 2003.
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Conclusions and Conjectures

» Repaired Hamiltonian GR has change where there is
Lagrangian change: absence of time-like Killing vector field.

» Hamiltonian trouble largely from Widespread Belief about FC
constraints, partly from neglecting internal vs. external.

» Repaired Hamiltonian has locally varying observables:
geometric objects and tensor calculus.

Nuts-and-bolts, doing the math.
Distinctly quantum issue of constraints remains (Pons, 2005).

Quantum gravity conjectures: usual ‘observables’ too strict?

vV v v Y

Maybe quantum amplitudes merely externally covariant?
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